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Since the time these methods were proposed, it has always been recognized and emphasized that studies of charm
decays can be very helpful for extracting γ [5, 6, 8, 9]; in particular, precise knowledge of the branching ratio of
the relevant charm decay modes and the strong phase(s) can significantly facilitate the determination of γ. Specific
methods [10] have been proposed for studies at charm facilities for this purpose and great deal of experimental activity
has taken place and progress is being made [11–15].

The methods proposed in Refs. [5, 6] allow the extraction of γ, as well as the relevant strong phase difference in

B− → D0P− and B− → D
0
P− amplitudes. In these methods, the branching ratio,

Br[B− → D0P−], (2)

is an essential input. This branching ratio (for P = K or π) has been experimentally measured with good precision.

Due to technical reasons, Br[B− → D
0
P−] is not accessible to experiment [5]; for this reason in the method of [5, 6]

this branching ratio, expressed as the ratio,

rBP =
Br[B− → D

0
P−]

Br[B− → D0P−]
, (3)

is treated as an unknown that can be solved for along with γ. However, determination of this ratio in addition to γ,
places additional demands on the number of B mesons that are needed. For this reason, despite the large statistics
of the two B-factories [∼ O(109) B meson samples], γ is presently determined to only ∼ O(25%). This should be
compared with about 3% for β, and about 5% for α. To further improve the accuracy on γ, inputs from lattice QCD
(LQCD) on the ratio in Eq. (3) would be very useful. In other words if the lattice could provide an accurate value of
this ratio, a fewer number of B meson samples will be needed to achieve a given accuracy on γ.

For the purpose of a lattice study, we define a “reduced” ratio which is independent of the CKM matrix elements,

rredBP ≡ rBP

V combo
CKM

= rBP
|V ∗

cbVuq|
2

|V ∗
ubVcq|

2
, (4)

where q = s, d depending on whether P = K or π. Needless to say, the study of hadronic weak decays on the lattice
continues to represent an outstanding challenge. Exploratory studies [16–18] initiated in the 80’s did not have much
success, because of the Maiani-Testa no-go theorem (MTNGT) [19]. This theorem states that Euclidean four-point
correlators (three sources for external hadrons plus one weak-operator insertion point) always result in the average
of in- and out-states, leading to the impossibility of extracting information about the strong phases. That is, one
can only compute the real parts of nonleptonic decay amplitudes from such correlators in a finite volume.2 For the
calculation of K → ππ on the lattice, one can evade the MTNGT using the Lellouch-Lüscher (LL) method [21], and
the RBC-UKQCD collaboration is making considerable progress [22, 23] in this avenue.

On the other hand, the lattice computation of these B → DP decay amplitudes remains challenging, both because
the calculation of the lattice four-point function is computationally demanding to evaluate and because the LL method
is only applicable to processes involving elastic final-state scatterings. With the advent of new powerful computers
such as the BG/Q, the former difficulty may be overcome in the near future, especially since lattice results for the real
part of these amplitudes could provide valuable information on the ratio Eq. (4), and thereby help in the extraction
of γ when combined with experimental measurements. For now, we will investigate the use of some approximation
methods for tackling these amplitudes.3

Let us recapitulate that for a determination of the ratio, Eq. (4), what one needs is the absolute value of the amplitudes

for the B → D0P and B → D
0
P modes, and not just the real part of the amplitudes that is accessible on the lattice.

So what we envision is that the phase of these amplitudes will also be accessible by combining information from the
method of [5, 6] with the phase of the relevant charm modes coming from charm studies as briefly alluded to above.

2 The D−P spectrum in finite volume is rendered discrete, enabling the extraction of the energy of the excited state which corresponds
to the physical state [20].

3 It is useful to note that lattice calculation of these B → D(D)P amplitudes involve no mixing with lower dimensional operators,
“eye-graphs” or disconnected diagrams and to that extent are simpler than K → 2π amplitudes in the ∆I = 1/2 channel.
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While the strong phase is vital to determining γ, the real part of the amplitude is still useful in and of itself. This
is obtained from direct computation on the lattice from four-point function studies or via approximation methods,
directly yielding a lower bound on the absolute value of the amplitude, which would be a valuable constraint on γ
extraction. Comparing with the progress on K → 2π decays [22, 23], it is reasonable to foresee a lattice calculation
which may reach a precision on the real part of this amplitude on the order of 15-20% within the next five years.
With the input of such lattice computations, and the progress in the analysis of the CLEO data for the charm decays
[14], one can envisage the extraction of γ with error around 10%.

Regarding the approximation methods for lattice studies, we first examine the possibility of chiral expansion of the

real parts of B− → D
0
P

− and B
− → D

0
P

− amplitudes, in the framework of heavy-meson chiral perturbation theory
(HMχPT) which merges heavy quark effective theory and chiral perturbation theory (χPT) [24–29]. The presence
of the b and c quarks, both heavier than ΛQCD, allows for systematic expansion in terms of ΛQCD/mb,c (mb,c is the
b, c quark mass). This expansion has already been used both in lattice determinations to leptonic and semi-leptonic
decays, as well as in the continuum. Combined with the chiral expansion, it leads to a powerful tool for extrapolating
lattice data to the physical pion mass. This extrapolation will still be an essential step in lattice calculations in the
foreseeable future, since most lattice simulations are not yet performed at the physical pion mass.

To begin, we examine the validity of HMχPT for the processes we are interested in. In the limit where both the b

and c quarks are treated as static, resulting in a soft final-state Goldstone boson, this approach is valid. However,
this limit is far from the physical regime, and such an extrapolation would introduce significant systematic errors.
Therefore, the straightforward applicability of χPT is questionable (i.e. it would be a poor approximation with rather
large errors). On the other hand, if we perform simulations near the physical kinematic point of the decays of interest
[B → DK(π)], the emerging D meson and the Goldstone boson are hard, with p ∼ 2 GeV.4

The appearance of hard external momenta does not, as one may initially assume, lead to a breakdown in the chiral
expansion. It was recently shown that treating the s-quark as heavy and using SU(2) χPT works quite well for chiral
extrapolations [30, 31]. This method can be generalised to processes in which external pions have hard momenta,
and applications have appeared in analyzing K�3 decays [32], K → 2π [33], as well as extensions to semi-leptonic
B-decays [34]. A central concern in all of these applications is how well χPT works in the presence of hard momenta.
In particular, there is evidence that the hard pion does not spoil the chiral logarithms, at least to next-to-leading
order (NLO) [35]5.

Applying this to processes involving D mesons is straightforward, and a key result is that the hard momenta of the
external mesons (both the D and the pion) will be absorbed into a redefinition of the low-energy constants (LEC’s),
and thus all remaining quantities will be soft. Thus we can still treat the D meson using the non-relativistic approach
of HMχPT, so that corrections arising in the D sector will arise at O(ΛQCD/MD), as usual.

To investigate the relevant B decay processes, we are interested in the following current-current, ∆b = 1, operators
(α,β are color indices)

Q
b→c,i
1 = (qiαγ

µ(1− γ5)bα)(cβγµ(1− γ5)uβ) , (5)

Q
b→c,i
2 = (qiαγ

µ(1− γ5)bβ)(cβγµ(1− γ5)uα) , (6)

Q
b→c,i
1 = (qiαγ

µ(1− γ5)bα)(uβγµ(1− γ5)cβ) , (7)

Q
b→c,i
2 = (qiαγ

µ(1− γ5)bβ)(uβγµ(1− γ5)cα) . (8)

For the decay channels B
− → D

0
K

− or B
− → D

0
K

−, we will set q
i = s and for B

− → D
0π− or B

− → D
0
π− we

have q
i = d. The corresponding effective Hamiltonian for these decays is

Heff =
GF√
2

�

j=1,2

�

i=d,s

[V ∗
cbVuqiCj(µ)Q

b→c,i
j + V

∗
ubVcqiCj(µ)Q

b→c,i
j + h.c.] . (9)

4 Note that this implies large discretization errors of the form (ap)n, with n > 0, and as such it would require either very fine lattices or
a choice of action which would largely suppress these errors.

5 As noted in Ref. [33], hard-pion χPT may not be applicable to the extraction of the imaginary parts of the K → ππ amplitudes. We
will comment on this issue for nonleptonic B decays in Sec. V.

Weak operators

Maiani-Testa theorem 

4pt functions only yields real part (no strong phase)

�0|πDOweakB|0�

Can be circumvented 
(Lellouch-Lüscher, RBC/UKQCD)

K → 2πe.g.,
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We will focus on the nonleptonic decays which have the underlying processes b → cud, b → cus, b → ucd, and

b → ucs. The first two will be mapped onto different operators in the chiral theory than the final two, because

they belong to different irreducible representations under the chiral transformation. Furthermore, a chiral field which

creates a heavy-light meson with a c quark is not a field which destroys a heavy-light meson with a c anti-quark. We

will discuss the details of these operators in the chiral effective theory in Sec. III.

The outline for this paper is as follows. First, in Sec. II we present an introduction to HMχPT for B,D and B,D

mesons. In Sec. III, we construct the χPT operators for the quark-level operators in Eqs. (5)-(8). We then treat

the leading-order calculation of B → DP and B → DP and relate them to the unphysical B → D and B → D

processes. In Sec. IV, we discuss the tree-level resonance (initially either a B
∗
or D

∗
) contributions to the nonleptonic

B decays in the framework of HMχPT. Finally we sketch the steps required for a full one-loop calculation in Sec. V

and conclude in Sec. VI.

II. HEAVY-MESON CHIRAL PERTURBATION THEORY

The strong-interaction chiral Lagrangian for the Goldstone bosons is (the η� is already integrated out) [36, 37]

LG =
f
2

8
Tr

�
∂µΣ∂

µΣ†�
+

1

4
µf

2
Tr

�
MΣ+MΣ†�

, (10)

where µ is a low-energy constant (LEC) related to the chiral condensate, M is the light-quark mass matrix,

M = diag (mu,md,ms) , (11)

Σ = exp(2iΦ/f) is the non-linear Goldstone particle field, with Φ being the matrix containing the standard Goldstone

fields, and we use a normalization for f such that fπ ≈ 130.7 MeV. Under an SU(3)L ⊗ SU(3)R chiral rotation, Σ
transforms as

Σ −→ L ΣR
†
, where L ∈ SU(3)L, and R ∈ SU(3)R. (12)

To account for the light-quark dynamics in heavy-light mesons, one can combine the formulations for heavy quark

effective theory (HQET) and χPT into HMχPT [24–29]. There is a U(2m) spin-flavor symmetry on the heavy-quark

side for m heavy quarks, and the standard (broken) SU(3)L ⊗ SU(3)R chiral symmetry for the light quarks.

We will sketch the relevant details for constructing HMχPT, using the notation of Ref. [38]. First, we have the field

which destroys (creates) a heavy-light meson

H
(Q)
v,a =

�
1 + v/

2

��
γµV∗(Q)

µ,a − γ5P(Q)
a

�
, H

(Q)
v,a ≡ γ0

H
(Q)†
a γ0

=

�
γµV∗(Q)†

µ,a + γ5P(Q)†
a

��
1 + v/

2

�
, (13)

where a is the light quark flavor index, Q is the heavy-quark index, and v is the four-velocity of the heavy-light meson.

We use P for the heavy-light pseudoscalar field and V∗
for the heavy-light vector field. For the heavy-light fields with

heavy anti-quarks, we have [39]

H
(Q)
v,a =

�
γµV∗(Q)

µ,a − γ5P(Q)
a

��
1− v/

2

�
H

(Q)
v,a ≡ γ0

H
(Q)†
a γ0

=

�
1− v/

2

��
γµV∗(Q)†

µ,a + γ5P(Q)†
a

�
. (14)

It is convenient when dealing with both charm and bottom quarks and antiquarks to combine them into multiplets

which transform under the U(4) spin/flavor symmetry,

HQ,v,a =

�
H

(b)
v,a

H
(c)
v,a

�
, HQ,v,a =

�
H

(b)
v,a

H
(c)
v,a

�
. (15)

Suppressing the light flavour and velocity indices, under the heavy-quark spin/flavour transformation S ∈ U(4), and

the unbroken light-flavour transformation U(x), the above fields transform as

HQ(x) → S HQ(x) U†
(x) , HQ(x) → U(x)HQ(x) S

†
,

HQ(x) → U(x)HQ(x) S
†
, HQ(x) → S HQ(x) U

†
(x) , (16)
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will discuss the details of these operators in the chiral effective theory in Sec. III.

The outline for this paper is as follows. First, in Sec. II we present an introduction to HMχPT for B,D and B,D

mesons. In Sec. III, we construct the χPT operators for the quark-level operators in Eqs. (5)-(8). We then treat

the leading-order calculation of B → DP and B → DP and relate them to the unphysical B → D and B → D

processes. In Sec. IV, we discuss the tree-level resonance (initially either a B
∗
or D

∗
) contributions to the nonleptonic

B decays in the framework of HMχPT. Finally we sketch the steps required for a full one-loop calculation in Sec. V

and conclude in Sec. VI.

II. HEAVY-MESON CHIRAL PERTURBATION THEORY

The strong-interaction chiral Lagrangian for the Goldstone bosons is (the η� is already integrated out) [36, 37]
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f
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where µ is a low-energy constant (LEC) related to the chiral condensate, M is the light-quark mass matrix,

M = diag (mu,md,ms) , (11)
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fields, and we use a normalization for f such that fπ ≈ 130.7 MeV. Under an SU(3)L ⊗ SU(3)R chiral rotation, Σ
transforms as

Σ −→ L ΣR
†
, where L ∈ SU(3)L, and R ∈ SU(3)R. (12)
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where U(x) is a function of L, R and Φ(x).

The Goldstone bosons couple to the heavy-light mesons in HMχPT via the non-linear realisation

σ =
√
Σ = eiΦ/f

, (17)

which transforms as

σ(x) → L σ(x) U†(x) = U(x) σ(x)R†
, σ†(x) → R σ†(x) U†(x) = U(x) σ†(x) L†

. (18)

Due to the properties of the heavy-light meson fields in Eq. (16), it is convenient to define objects involving the σ
field that transform only with U and U†. The two possibilities with a single derivative are

Vµ =
i

2

�
σ†∂µσ + σ∂µσ

†�
, (19)

Aµ =
i

2

�
σ†∂µσ − σ∂µσ

†�
. (20)

The Lorentz vector Vµ can be combined with the derivative to form a covariant derivative acting on the heavy-light
field or its conjugate:

HQ,v,b
←
D

ba
µ ≡ ∂µHQ,v,a + iHQ,v,bVba

µ ,

→
D

ab
µ HQ,v,b ≡ ∂µHQ,v,a − iVab

µ HQ,v,b , (21)

with implicit sums over repeated indices, and similarly for the HQ,a fields. The covariant derivatives and Aµ transform
under the unbroken light-flavour symmetry as

H
←
Dµ → (H

←
Dµ)U†

,
→
DµH → U(→DµH) , (22)

Aµ → UAµU†
, (23)

where we have dropped all the indices for simplicity.

The leading-order chiral Lagrangian is given by LLO = LG + LHL,1, where

LHL,1 = −iTr(HHv·←D) + gπ Tr(HHγµγ5Aµ) . (24)

Tr means the complete trace over light quark flavor indices, heavy quark flavor indices, and, where relevant, Dirac
indices. Since H and H always appear together in the Lagrangian, we treat HH as a matrix in light-quark flavor
space: (HH)ab ≡ HaHb. The axial coupling gπ in the above Lagrangian determines the B

∗−B−Goldstone and
D

∗−D−Goldstone interaction strength. Its value, gπ ≈ 0.45, has recently been computed using unquenched lattice
QCD [40–42].

At the next-to-leading order (NLO), the Lagrangian contains a number of additional terms [38, 43, 44]. Among these
terms, only one of them,

λ2 Tr

�
1

MP
HσµνHσµν

�
, (25)

is relevant to this paper (λ2 is a LEC). This operator breaks the heavy-quark spin symmetry and results in the B∗−B

and D
∗−D mass splittings. Notice that MP is taken to be the corresponding B and D meson masses in this work,

and we do not include other effects related to the breaking of heavy-quark flavour symmetry.

III. THE CHIRAL EXPANSION FOR B → DK(π) AMPLITUDES

The difficulty in the use of χPT in computations for B → DP decay amplitudes originates in the large momenta
carried by the final state hadrons. In general, the chiral expansion is known to be applicable only to processes involving
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momenta well below the chiral symmetry breaking scale. On the other hand, it has been established recently that χPT
can be valid for amplitudes containing hard final state particles [32–34, 45]. One important point in such procedures
is that the LEC’s are no longer universal quantities for a fixed number of sea quarks. Rather, they depend on the
hard momentum scale which results from either the kinematics or the mass of the external particles.

This procedure of separating the hard scales in a process is described in detail in the references given above. The key
point in this separation lies with the derivative couplings that give rise to momentum dependence in χPT calculations.
When these momenta are external and hard, they can be absorbed into the LEC’s of the theory. We will discuss this
procedure explicitly with an example diagram for the process B → DP in Sec. V.

First we discuss the construction of the χPT weak operators corresponding to those in Eqs. (5)–(8). Omitting the
colour indices which do not play a role in χPT, these operators can be written as

Q
b→c,i =

�
q
i
L Γ1 b

�
(c Γ2 uL) ,

Q
b→c,i =

�
q
i
L Γ1 b

� �
uL Γ2 c

�
, (26)

where q
i = d or s, and

qL =

�
1− γ5

2

�
q,

Γ1 = Γ2 = Γ1 = Γ2 = γµ(1− γ5). (27)

Under the SU(3)L ⊗ SU(3)R chiral symmetry group, Qb→c,i is in the (8L,1R) representation, while Q
b→c,i is in the

(6̄L,1R) representation. To bosonise these operators, we promote Γ1,2 and Γ1,2 to be spurion fields which transform
as

Γ1 → L Γ1 S
†
, Γ2 → S Γ2 L

†
,

Γ̄1 → L Γ1 S
†
, Γ̄2 → L Γ2 S

†
, (28)

under the heavy-quark spin/flavour and chiral rotations. This renders the operators in Eq. (26) invariant with respect
to such transformations. We then find the bosonisation results in the leading order (LO) operators

Oχ,i =
�

x

�
α1,xTrD

��
σ1kH

(c)
v�,k

�
Γ2Ξ

�
xΞxΓ1

�
H

(b)
v,l σ

†
li

��
+ α2,xTrD

��
σ1kH

(c)
v�,k

�
Γ2Ξ

�
x

�
TrD

�
ΞxΓ1

�
H

(b)
v,l σ

†
li

���
, (29)

for Qb→c,i, and

Oχ,i =
�

x

�
α1,xTrD

�
Ξ�
xΓ2

�
H

(c)
v�,kσ

†
k1

�
ΞxΓ1

�
H

(b)
v,l σ

†
li

��
+ α2,xTrD

�
Ξ�
xΓ2

�
H

(c)
v�,kσ

†
k1

��
TrD

�
ΞxΓ1

�
H

(b)
v,l σ

†
li

���
,

(30)
for Q

b→c,i, where TrD means the trace in Dirac space, and the summation over repeated indices are assumed. The
symbols Ξ�

x and Ξx are all possible pairs of Dirac structures allowed by symmetries [46],

{Ξ�
x,Ξx} =

�
{1, 1} , {γν , γ

µ
} , {/v

�
, /v} , {/v

�
, 1} , {1, /v} , {σµν ,σ

µν
} ,

{γ5, γ5} , {γµγ5, γ
µγ5} , {/v

�γ5, /vγ5} , {/v
�γ5, γ5} , {γ5, /vγ5}

�
. (31)

In particular, the positions of these Dirac structures in HMχPT weak operators are constrained by heavy-quark
spin/flavour symmetry. They have to be inserted to account for light-quark and gluon dynamics.
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H

(b)
v,l σ

†
li

���
, (29)

for Qb→c,i, and

Oχ,i =
�

x

�
α1,xTrD

�
Ξ�
xΓ2

�
H

(c)
v�,kσ

†
k1

�
ΞxΓ1

�
H

(b)
v,l σ

†
li

��
+ α2,xTrD

�
Ξ�
xΓ2

�
H

(c)
v�,kσ

†
k1

��
TrD

�
ΞxΓ1

�
H

(b)
v,l σ

†
li

���
,

(30)
for Q

b→c,i, where TrD means the trace in Dirac space, and the summation over repeated indices are assumed. The
symbols Ξ�

x and Ξx are all possible pairs of Dirac structures allowed by symmetries [46],

{Ξ�
x,Ξx} =

�
{1, 1} , {γν , γ

µ
} , {/v

�
, /v} , {/v

�
, 1} , {1, /v} , {σµν ,σ

µν
} ,

{γ5, γ5} , {γµγ5, γ
µγ5} , {/v

�γ5, /vγ5} , {/v
�γ5, γ5} , {γ5, /vγ5}

�
. (31)

In particular, the positions of these Dirac structures in HMχPT weak operators are constrained by heavy-quark
spin/flavour symmetry. They have to be inserted to account for light-quark and gluon dynamics.

6

momenta well below the chiral symmetry breaking scale. On the other hand, it has been established recently that χPT
can be valid for amplitudes containing hard final state particles [32–34, 45]. One important point in such procedures
is that the LEC’s are no longer universal quantities for a fixed number of sea quarks. Rather, they depend on the
hard momentum scale which results from either the kinematics or the mass of the external particles.

This procedure of separating the hard scales in a process is described in detail in the references given above. The key
point in this separation lies with the derivative couplings that give rise to momentum dependence in χPT calculations.
When these momenta are external and hard, they can be absorbed into the LEC’s of the theory. We will discuss this
procedure explicitly with an example diagram for the process B → DP in Sec. V.

First we discuss the construction of the χPT weak operators corresponding to those in Eqs. (5)–(8). Omitting the
colour indices which do not play a role in χPT, these operators can be written as

Q
b→c,i =

�
q
i
L Γ1 b

�
(c Γ2 uL) ,

Q
b→c,i =

�
q
i
L Γ1 b

� �
uL Γ2 c

�
, (26)

where q
i = d or s, and

qL =

�
1− γ5

2

�
q,

Γ1 = Γ2 = Γ1 = Γ2 = γµ(1− γ5). (27)

Under the SU(3)L ⊗ SU(3)R chiral symmetry group, Qb→c,i is in the (8L,1R) representation, while Q
b→c,i is in the

(6̄L,1R) representation. To bosonise these operators, we promote Γ1,2 and Γ1,2 to be spurion fields which transform
as

Γ1 → L Γ1 S
†
, Γ2 → S Γ2 L

†
,

Γ̄1 → L Γ1 S
†
, Γ̄2 → L Γ2 S

†
, (28)

under the heavy-quark spin/flavour and chiral rotations. This renders the operators in Eq. (26) invariant with respect
to such transformations. We then find the bosonisation results in the leading order (LO) operators

Oχ,i =
�

x

�
α1,xTrD

��
σ1kH

(c)
v�,k

�
Γ2Ξ

�
xΞxΓ1

�
H

(b)
v,l σ

†
li

��
+ α2,xTrD

��
σ1kH

(c)
v�,k

�
Γ2Ξ

�
x

�
TrD

�
ΞxΓ1

�
H

(b)
v,l σ

†
li

���
, (29)

for Qb→c,i, and

Oχ,i =
�

x

�
α1,xTrD

�
Ξ�
xΓ2

�
H

(c)
v�,kσ

†
k1

�
ΞxΓ1

�
H

(b)
v,l σ

†
li

��
+ α2,xTrD

�
Ξ�
xΓ2

�
H

(c)
v�,kσ

†
k1

��
TrD

�
ΞxΓ1

�
H

(b)
v,l σ

†
li

���
,

(30)
for Q

b→c,i, where TrD means the trace in Dirac space, and the summation over repeated indices are assumed. The
symbols Ξ�

x and Ξx are all possible pairs of Dirac structures allowed by symmetries [46],

{Ξ�
x,Ξx} =

�
{1, 1} , {γν , γ

µ
} , {/v

�
, /v} , {/v

�
, 1} , {1, /v} , {σµν ,σ

µν
} ,

{γ5, γ5} , {γµγ5, γ
µγ5} , {/v

�γ5, /vγ5} , {/v
�γ5, γ5} , {γ5, /vγ5}

�
. (31)

In particular, the positions of these Dirac structures in HMχPT weak operators are constrained by heavy-quark
spin/flavour symmetry. They have to be inserted to account for light-quark and gluon dynamics.

b → c operators

b → c̄ operators

Chiral-level Weak operators:
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FIG. 1: Tree-level diagrams contributing to (a) B → D and (b) B → DP at lowest order, with no insertions of the strong
Lagrangian. The box is the weak operator, the solid line is a heavy-light pseudoscalar (either B or D), and the dashed line is
the light meson P .

Performing the Dirac traces in Eqs. (29) and (30), we obtain

Oχ,i = [β1 + (β1 + β2) (v
�
· v)]

��
σ1kP

(c)†
k

��
P

(b)
l σ†

li

��

+ [(β1 − β2) v
�µ − β1v

µ]
��

σ1kP
(c)†
k

��
V
∗(b)
µ,l σ†

li

��

+ [β1v
�µ − (β1 + β2) v

µ]
��

σ1kV
∗(c)†
µ,k

��
P

(b)
l σ†

li

��

− 4 [(β1 − β2) + β1(v
�
· v)]

��
σ1kV

∗(c)†
µ,k

��
V
∗(b)µ
l σ†

li

��
,

Oχ,i =
�
β1 + β2(v

�
· v)

� ��
P

(c̄)†
k σ†

k1

��
P

(b)
l σ†

li

��

−
�
β2v

�µ −
�
β1 + β5

�
vµ − β3(v

�
· v)vµ

� ��
P

(c̄)†
k σ†

k1

��
V
∗(b)
µ,l σ†

li

��

+
�
β1v

�µ − β2v
µ
� ��

V
∗(c̄)†
µ,k σ†

k1

��
P

(b)
l σ†

li

��

+
�
4β2 − β3 − 2

�
β1 + β4 + β5

�
(v� · v)

� ��
V
∗(c̄)†
µ,k σ†

k1

��
V
∗(b)µ
l σ†

li

��
, (32)

where βi is a linear combination of α1,x and α2,x while βi is a linear combination of α1,x and α2,x. At the lowest order
in the chiral expansion, only the first terms in the above operators contribute to B → DP and B → DP processes.
It is straightforward to demonstrate that if we evaluate the diagrams in Fig. 1 at leading order,

�D0K−
|Oχ,s|B

−� = �D0π−
|Oχ,d|B

−� = i

f
�D−

|Oχ,s|B
−�,

�D0
K−

|Oχ,s|B
−� = �D0

π−
|Oχ,d|B

−� = i

f
�D−

|Oχ,s|B
−� . (33)

From Eq. (32), it is clear that beyond the LO, the chiral expansion may become very different for B− → D0P− and

B− → D
0
P− amplitudes. In the next two sections, we will discuss the generic features of these amplitudes at the

NLO and leave the details to a future publication.

IV. RESONANCE CONTRIBUTIONS

In this section we discuss one generic feature of B → DP correlators and amplitudes, namely, the resonance contri-
bution.6 This is partly incorporated in HMχPT via the inclusion of the vector heavy-light mesons. Figure 2(b) shows
a typical diagram in which a resonance (D∗ in this case) appears in the B → DP correlators. One can also include
heavier resonances in the effective theory [47], but it is beyond the scope of this paper. Here we will address the issue

6 The conclusion presented in this section is also valid for B → DP decays.

Heavy-light meson ChPT
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FIG. 1: Tree-level diagrams contributing to (a) B → D and (b) B → DP at lowest order, with no insertions of the strong
Lagrangian. The box is the weak operator, the solid line is a heavy-light pseudoscalar (either B or D), and the dashed line is
the light meson P .

Performing the Dirac traces in Eqs. (29) and (30), we obtain

Oχ,i = [β1 + (β1 + β2) (v
�
· v)]

��
σ1kP

(c)†
k

��
P

(b)
l σ†

li

��

+ [(β1 − β2) v
�µ − β1v

µ]
��

σ1kP
(c)†
k

��
V
∗(b)
µ,l σ†

li

��

+ [β1v
�µ − (β1 + β2) v

µ]
��

σ1kV
∗(c)†
µ,k

��
P

(b)
l σ†

li

��

− 4 [(β1 − β2) + β1(v
�
· v)]

��
σ1kV

∗(c)†
µ,k

��
V
∗(b)µ
l σ†

li

��
,

Oχ,i =
�
β1 + β2(v

�
· v)

� ��
P

(c̄)†
k σ†

k1

��
P

(b)
l σ†

li

��

−
�
β2v

�µ −
�
β1 + β5

�
vµ − β3(v

�
· v)vµ

� ��
P

(c̄)†
k σ†

k1

��
V
∗(b)
µ,l σ†

li

��

+
�
β1v

�µ − β2v
µ
� ��

V
∗(c̄)†
µ,k σ†

k1

��
P

(b)
l σ†

li

��

+
�
4β2 − β3 − 2

�
β1 + β4 + β5

�
(v� · v)

� ��
V
∗(c̄)†
µ,k σ†

k1

��
V
∗(b)µ
l σ†

li

��
, (32)

where βi is a linear combination of α1,x and α2,x while βi is a linear combination of α1,x and α2,x. At the lowest order
in the chiral expansion, only the first terms in the above operators contribute to B → DP and B → DP processes.
It is straightforward to demonstrate that if we evaluate the diagrams in Fig. 1 at leading order,

�D0K−
|Oχ,s|B

−� = �D0π−
|Oχ,d|B

−� = i

f
�D−

|Oχ,s|B
−�,

�D0
K−

|Oχ,s|B
−� = �D0

π−
|Oχ,d|B

−� = i

f
�D−

|Oχ,s|B
−� . (33)

From Eq. (32), it is clear that beyond the LO, the chiral expansion may become very different for B− → D0P− and

B− → D
0
P− amplitudes. In the next two sections, we will discuss the generic features of these amplitudes at the

NLO and leave the details to a future publication.

IV. RESONANCE CONTRIBUTIONS

In this section we discuss one generic feature of B → DP correlators and amplitudes, namely, the resonance contri-
bution.6 This is partly incorporated in HMχPT via the inclusion of the vector heavy-light mesons. Figure 2(b) shows
a typical diagram in which a resonance (D∗ in this case) appears in the B → DP correlators. One can also include
heavier resonances in the effective theory [47], but it is beyond the scope of this paper. Here we will address the issue

6 The conclusion presented in this section is also valid for B → DP decays.

similar expressions for 
[Bernard et al, PRD32 2343]

K → 2π

Leading order

Can also include resonances:

8

B D B
D∗

D

(b)(a)

FIG. 2: Tree-level correlators contributing to B → DP . The box is the weak operator, with (a) being the direct B → DP term
and (b) being the term with an intermediate resonance (here a D∗).

regarding the contribution from the resonance in the time-momentum representation of correlators. To avoid com-
plications arising from the formulation of HQET and HMχPT in Euclidean space [48], we work in Minkowski space
with the comment that we also carried out a similar calculations by modelling the heavy-light mesons as relativistic
particles in Eulidean space and obtained the same conclusions presented in this section.

We first set up the calculation for the LO correlator in Fig. 2(a). To mimic the setting for most lattice calculations,
we integrate over the spatial volume for the positions of external B, D and pion (kaon) sources/sinks, i.e., we perform
a Fourier transform for the spatial directions for each of the external points. On the other hand, we fix the location
of the weak operator (the square in the diagram) to be at the origin. To be consistent with the notation in Sec. III,
we denote the velocity of B and B∗ by v and that of D and D∗ by v�. For simplicity, the velocity v is chosen to be

v =
�
1,�0

�
, (34)

and the time-ordering is implemented as

tB < 0 < tD ≤ tP , (35)

where tB,D,P is the temporal locations of the B,D,P mesons, respectively. Using the Feynman rules derived from the
HMχPT Lagrangian and the weak operators in Eqs. (24) and (32), the result for the contribution from this diagram
in the correlator is

CLO =
gBDP

f

�
1

2
θ(−tB)

��
1

2v�
0

θ(tD)e−iδDtD

��
e−iωP tP

2ωP

�

=
gBDP

f

�
1

2

��
e−iδDtD

2v�
0

��
e−iωP tP

2ωP

�
, (36)

where

δD = �v� · �pD, and ωP =
�
M2

P + �p2P , (37)

with �pD and �pP denoting the spatial momenta of the D and the Goldstone boson. The coupling gBDP is one of the
linear combinations of the LEC’s βi in Eq. (32).

Next, we discuss the correlator depicted in Fig. 2(b). This diagram is calculated by integrating over the entire
space-time for the location of the strong vertex (denoted by the circle). It leads to the result

Cres =
gBD∗ (igπ)

f

�
1

2
θ(−tB)

��
1

2v�
0

θ(tD)e−iδDtD

��
e−iωP tP

2ωP

��
ei(ωP+δD−∆DP )tD − 1

2iv�
0
(ωP + δD −∆DP )

�

=
gBD∗gπ

f

�
1

2

��
e−iδDtD

2v�
0

��
e−iωP tP

2ωP

��
ei(ωP+δD−∆DP )tD − 1

2v�
0
(ωP + δD −∆DP )

�
, (38)

where

∆DP = �v� · (�pD + �pπ) +
∆D

v�
0

, (39)
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Of course here the physical point has

pπ = pD ≈ 2 GeV

Not appropriate for chiral expansion unless
one takes the unphysical point 

mB ≈ mD

But then we’re far from the point of interest.

How to go beyond tree-level?
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Beyond tree-level:

Exploit the fact that hard scales 
can be absorbed into LEC’s

Hard-pion ChPT (HPChPT)

Flynn & Sachrajda, Nucl.Phys. B812, 64
Bijnens & Celis, Phys.Lett. B680, 466  
Bijnens & Jemos, Nucl.Phys. B840, 54 

K�3

K → 2π
B → π
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In the SU(2) chiral theory, 
we have the generic one-loop form

9

D
D∗

D

FIG. 3: A contribution to the process DP → DP involving a single resonance.

with ∆D denoting the D∗−D mass splitting resulting from the heavy-quark spin symmetry breaking term in Eq. (25).
When the final-state momenta are tuned such that

ωP + δD = ∆DP , (40)

the resonance is on-shell and the correlator contains a linear term in tD,

Cres|ωP+δD=∆DP
=

gBD∗gπ
f

�
1

2

��
e−iδDtD

2v�0

��
e−iωP tP

2ωP

��
itD
2v�0

�
, (41)

which is an energy shift of the final state. When one takes the ratio of the B → DP correlator and the square root
of the DP → DP correlator, the tD dependence arising from the square brackets in Eq. (38) (hence this linear term
in tD), is exactly cancelled by the contribution from the diagram in Fig. 3.7 The coupling gπ is defined in Eq. (24),
and gBD∗ is a linear combination of the LEC’s βi in Eq. (32). Notice that gBD∗ is different from gBDP and thus
the resonance contribution results in general in an additional unknown parameter for B → DP amplitude at the tree
level.

V. BEYOND TREE LEVEL

The use of tree-level χPT is certainly limiting. While many systematic errors should cancel when looking at the ratio
of B → DP to B → DP , going to higher order both in the chiral and heavy quark expansions is essential. Using the
symmetry relations resulting from Eq. (32), we could attempt an NLO calculation to make similar relationships at
higher order, which is possible in the case of K → 2π, as in, for example, Refs. [52–54].

In order to treat these processes in the physical regime, we use the methods of Refs. [32–34]: Hard-pion χPT (HPχPT).
As discussed earlier, this formalism uses the fact that one or more of the momenta in the final state very well may be
hard, and at the physical point for B → DP , this is true. For this section we will focus on P = π.

In order to apply HPχPT to both B → Dπ and B → Dπ, there are quite a few one-loop diagrams that we must
evaluate. The result of a complete calculation (i.e., the sum of all one-loop diagrams) is expected to take the following
generic form [working with the SU(2) chiral theory for now]

M = Mtree

�
1 + a

m2
π

16π2f2
ln

�
m2

π

Λ2

�
+ Lm2

π

�
, (42)

where M is one of the the particular amplitudes from Sec. III, and Mtree its tree-level value. a is a coefficient
that depends on the particular kinematics chosen for the diagram, and L is a linear combination of low-energy
constants as well as terms arising from higher-order chiral-level weak operators.8 These would be determined from
evaluating the full one-loop corrections to these amplitudes. We stress that a and L above will depend on all the hard

7 This cancellation may not occur in partially-quenched QCD due to the loss of unitarity [49–51].
8 Repeating the spurion analysis of Sec. II would show in principle roughly 3-4 times as many LEC’s arising at NLO relative to LO, but

only certain combinations arise in calculations, eg., Eq. 42, and as such there will effectively only be a small number of LEC’s.

a and L are LEC’s that depend on the hard scales

HPChPT

tree-level amplitude
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HPChPT example 10

B D D

π

FIG. 4: One of the many one-loop diagrams that contribute to B → Dπ, specifically one which shows the essential features
that arise in HPχPT.

quantities, specifically the mass of the external D meson and the momenta of both the external D meson and pion.

This dependence is not known analytically, and it makes the LEC’s non-universal when varying the hard momenta.

However, at any fixed kinematics, the values of the LEC’s are still fixed
9
. Additionally, we note that since all the

hard scales are absorbed into the LEC’s, we expect similar convergence as that of ordinary χPT. Corrections to the

heavy quark expansion will be more significant coming from the D-meson, and thus both a and L will have O(1/MD)

corrections.

In order to understand the specific details, we work through an example diagram, shown in Fig. 4. To evaluate this

diagram, we envision a lattice simulation where momentum will be conserved at the strong vertex, but need not be

at the weak vertex. Thus, we define the momentum entering the weak vertex as pwk, the momentum flowing through

the pion line is � (the integration variable), and the external D meson has velocity v� and residual momentum k, so
that this diagram has the form,

�D0π−
|Oχ,d|B

−�Fig. 4 =
�D0π−|Oχ,d|B−�tree

8f2

�
dd�

(2π)d
i

�2 −m2
π + i�

iv� · (�− pπ)

v� · (�− k − pπ)−∆+ i�
,

≡ �D0π−|Oχ,d|B−�tree

8
I , (43)

where the coefficient arises from the weak vertex, and the momentum injected into the weak vertex, pwk, is related

to those carried by the external B, D and pion,

pπ + pD = pB + pwk . (44)

∆ = MD −MB is the D-B meson mass splitting (which is of order 1/mc − 1/mb) and kB is the residual momentum

of the B-meson.

This integral can be evaluated simply to obtain

I =
1

16π2f2

�
v�·k +∆

v�·(k + pπ) +∆+ i�
I2(mπ, v

�
·(k + pπ) +∆+ i�)−m2

π ln

�
m2

π

Λ2

��
, (45)

with

I2(m, δ) = −2δ2 ln

�
m2

Λ2

�
− 4δ2F (m/δ) + 2δ2 , (46)

F (x) =

�√
1− x2 tanh

−1
√
1− x2 , 0 ≤ x ≤ 1

−
√
x2 − 1 tan

−1
√
x2 − 1 , x ≥ 1

. (47)

We can examine this case in the limit where v�·k � mπ, which is the hard-pion limit. In this limit we find

I2(mπ, v
�
·(k + pπ) +∆) ≈ −m2

π ln

�
m2

π

Λ2

�
, (48)

9 In practical lattice calculations, one would have to vary the pion mass, and extrapolate to the physical point. In this procedure, it is
inevitable to change the momenta, and therefore the values of the LEC’s. Fortunately, since the hard momenta are all much larger than
the typical pion masses in present and future lattice simulations, changes in the latter will result in very small variations of the former.
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In order to understand the specific details, we work through an example diagram, shown in Fig. 4. To evaluate this

diagram, we envision a lattice simulation where momentum will be conserved at the strong vertex, but need not be

at the weak vertex. Thus, we define the momentum entering the weak vertex as pwk, the momentum flowing through

the pion line is � (the integration variable), and the external D meson has velocity v� and residual momentum k, so
that this diagram has the form,

�D0π−
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−�Fig. 4 =
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i
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where the coefficient arises from the weak vertex, and the momentum injected into the weak vertex, pwk, is related

to those carried by the external B, D and pion,

pπ + pD = pB + pwk . (44)

∆ = MD −MB is the D-B meson mass splitting (which is of order 1/mc − 1/mb) and kB is the residual momentum

of the B-meson.

This integral can be evaluated simply to obtain

I =
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v�·(k + pπ) +∆+ i�
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�
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��
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F (x) =

�√
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√
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√
x2 − 1 tan

−1
√
x2 − 1 , x ≥ 1

. (47)

We can examine this case in the limit where v�·k � mπ, which is the hard-pion limit. In this limit we find
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�
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�
, (48)
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so that the full integral contributing to this diagram becomes either

I(pπ ≈ 0) → −2
m2

π

16π2f2
ln

�
m2

π

Λ2

�
, (49)

if we insert momentum into the weak vertex such that pπ ≈ 0, or

I(pπ ≈ k) → −3

2

m2
π

16π2f2
ln

�
m2

π

Λ2

�
, (50)

if we choose pwk such that pπ ≈ k. These would give rise to different values of the coefficient a in Eq. (42). This can
thus be extended to all of the diagrams that would contribute to one-loop order, and for each chosen set of kinematics,
we would be able to find different expressions for a in Eq. (42), and in general, the LEC L in that equation would
have an unknown dependence on the kinematics. However, the pion mass dependence is well determined.

We close this section by noting that HPχPT is not applicable for extracting the strong phases of B decays
via the computation of the one-loop diagram in Fig. 4. The imaginary part in this diagram is proportional to�

[v� · (pπ + k)]2 −m2
π, therefore grows with the increasing momenta carried by the final-state mesons, leading to the

failure of the chiral expansion when pD and pπ are large. This can be understood by noting that the imaginary part
arises from the contribution in which both mesons in the loop are on-shell, and therefore cannot be soft.

VI. SUMMARY AND OUTLOOK

In this paper, we proposed a strategy for calculating B → DP and B → DP (P is a Goldstone boson) decay
amplitudes via lattice calculations. Indeed the real part is accessible directly via four-point function calculations on
the lattice as it does not suffer from the Maiani-Testa No-Go Theorem, though it is computationally demanding.
As an approximation, one can invoke the chiral expansion, specifically taking into account the large momenta of the
final state mesons. We argue that this hard-pion chiral expansion is valid for these decays, for similar reasons to
those in semileptonic B decays and in K → ππ amplitudes. In general, this hard-pion chiral expansion results in
momentum dependence of low-energy constants and the coefficients of the chiral logarithms. From our investigation of
the structure of a typical one-loop diagram (Fig. 4), it is shown explicitly how this occurs for the B → DP amplitudes.

We constructed the leading-order operators, relevant to these decays, in the chiral effective theory. We studied the
tree-level resonance contributions in the framework of HMχPT, and showed that these contributions are accompanied
by combinations of the LEC’s which are different from that for the corresponding leading-order B → DP and B → DP
amplitudes. As such, incorporating resonances in the study of the lattice correlators allows us to extract some of the
LEC’s that are not accessible by applying χPT naively.

To complete this inital approach, the complete one-loop contributions must be calculated [55]. One can combine these
χPT results with lattice simulations to compute the real parts of B → DP and B → DP decay amplitudes. Although
the lattice calculation for the imaginary parts of these matrix elements is challenging, their real parts can already
provide important information for an accurate determination of the angle γ in the b−d unitarity triangle in the CKM
matrix. The real part gives a lower bound to the absolute value of the amplitude, which would be very useful in the
phenomenology of γ-extraction, and by combining this with the information on strong phases from B and D decays,
the absolute magnitude of the amplitude can also be deduced.

Finally, let us note that, in the long run, as the lattice program succeeds in evaluating rredBP and with experimental
studies using larger data samples, experiment will be able to pin down rBP with increasing precision. We envision
that a combination of these efforts could lead to an improvement in determinations of γ to about 10% in 3-5 years.
In the longer term, with the use of even more powerful computers and with data from Super-LHCb and Super-B
factories, the error could be reduced to a few percent. These improved determinations should allow a useful constraint
on V combo

CKM [Eq. (4)] and consequently on Vub since all the other factors therein are already known quite well. Given
the serious difficulties [56] in a precise determination of Vub through the conventional semileptonic methods, having
an independent constraint via purely hadronic decays: B → D(D)P may also prove useful.
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pπ ≈ k

Different contributions to a, L in above expression

Both a and L have unknown dependence on 
kinematics, but pion mass dependence is known.
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Conclusion

Problem is far from solved

Need full one-loop calculation

Need lattice calculations (takers?)

Key: Feasible problem for lattice to tackle
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